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Abstract
Effects of the quantum interference in collisions of particles have a twofold nature:
they arise because of the auto-correlation of a complex scattering amplitude and due to
spatial coherence of the incoming wave packets. Both these effects are neglected in a
conventional scattering theory dealing with the delocalized plane waves, although they
sometimes must be taken into account in particle and atomic physics. Here, we study the
role of a transverse coherence length of the packets, putting special emphasis on the case
in which one of the particles is twisted, that is, it carries an orbital angular momentum
ℓ~. In ee, ep, and pp collisions the interference results in corrections to the plane-wave
cross sections, usually negligible at the energies
√
s ≫ 1 GeV but noticeable for smaller
ones, especially if there is a twisted hadron with |ℓ| > 103 in initial state. Beyond the
perturbative QCD, these corrections become only moderately attenuated allowing one to
probe a phase of the hadronic amplitude as a function of s and t. In this regime, the
coherence effects can compete with the loop corrections in QED and facilitate testing the
phenomenological models of the strong interaction at intermediate and low energies.
1 Introduction
Scattering outcomes generally depend on the quantum states of particles brought into
collisions. While a conventional scattering theory deals with the delocalized plane-waves
having definite momenta, it is not applicable to a number of realistic scenarios – for instance,
when the particles collide at large impact parameters [1], if they are unstable [2, 3], or if
their quantum states are different from the simplified plane-waves [4–16]. For photons, such
states as the so-called twisted photons, the Airy beams, the squeezed states, the Schro¨dinger’s
cat states, and so on have been studied for years, both theoretically and experimentally (see,
e.g., [17–22]). However, it was only in 2010 that the first non-plane-wave states of the massive
particles were generated – namely, the moderately relativistic vortex (or twisted) electrons
carrying orbital angular momentum (OAM) with respect to the propagation axis [23–25].
More recently, the Airy electrons and the twisted cold neutrons were also produced [26, 27],
as well as the vortex electrons with the orbital momenta as high as 1000~ [28] (see the recent
review [29] for more detail).
The spatial profile of the majority of these novel wave packets is not Gaussian even
approximately and, therefore, the standard scattering theory is not applicable to them. The
width of these packets or the transverse coherence length can be as small as σ⊥ ∼ 0.1 nm [30]
for vortex electrons, which corresponds to the transverse momentum uncertainty of the order
of ~/σ⊥ ∼ 1 keV. Such a tight focusing can result in noticeable quantum interference effects
in scattering of the electron packets by atoms [12].
In this paper, we study the role of the transverse coherence length of packets in relativistic
collisions, putting special emphasis on the case in which one of the incoming particles is
1
twisted (a single-twisted scenario [8]). The mean transverse momentum of the vortex packet
grows as
√
|ℓ|, so for the beams with |ℓ| ≫ 1 the interference between the packets results in
a noticeable shift of an effective transverse momentum of the 2-particle in-state, p⊥ ∝
√
|ℓ|,
and in the corresponding shift of the scattering angles.
For ultrarelativistic energies, for which the perturbative QCD works well (conventionally,
at the energies in the center-of-mass frame
√
s≫ 1 GeV), the coherence effects are usually too
weak, but for the smaller energies – that is, in the non-perturbative regime – the corresponding
corrections to the plane-wave cross sections become only moderately attenuated and accessible
to experimental study. Exactly as the plane-wave cross section itself, the corrections to it are
Lorentz invariant being proportional to an invariant small parameter
p2⊥/s ∝ |ℓ|,
where p⊥ ∼ (0.1 − 100)
√
|ℓ| keV for the twisted leptons and hadrons.
In contrast to the previous calculations of the single-twisted scattering with the Bessel
beams, here we imploy a generalized Laguerre-Gaussian state ψℓ,n=0 [35], which is a more
general model of the relativistic vortex packet. While for the Bessel beam the cross section
is generally insensitive to the OAM in the single-twisted scenario, this is not the case for the
Laguerre-Gaussian packet, whose mean transverse momentum grows as
√
|ℓ|. Accordingly,
the difference between two approaches becomes noticeable for the highly twisted particles
with |ℓ| ≫ 1, as the coherence effects grow stronger.
Finally, while the plane wave cross-section, dσ ∝ |Mfi|2, does not depend on a phase of
the scattering amplitude Mfi, the coherence effects result in such a dependence already at
the tree-level [11, 31, 32], which is also attenuated as p⊥/
√
s ≪ 1. As a Coulomb phase can
in principle be calculated in QED [33,34], this dependence allows one to probe the phase of
the hadronic amplitude as a function of s and t beyond the perturbative regime of QCD –
that is, when the kinetic energies of the colliding particles are less than 1 GeV – and thereby
to test phenomenological models of the strong interactions. An analogous phase dependence
also arises in the non-central collisions of the ordinary packets.
The system of units ~ = c = 1 is used.
2 Relativistic scattering of wave packets
2.1 Generalized cross section
Consider a general scattering or annihilation process with two particles in an in-state
and some number Nf of particles in an out-state. Let the incoming states be generic (not
necessarily Gaussian) wave packets, the final states be unlocalized plane waves with the
momenta pf ,
|2 wave packets〉 →
Nf∏
f
|pf 〉, (1)
and the scattering matrix element be
Sfi =
Nf∏
f
〈pf |Sˆ|2 wave packets〉. (2)
We describe these packets with the quantum phase-space distributions or the Wigner func-
tions ni(ri,pi, t) (i = 1, 2, see Sec. 2.2 below) and with a particle correlator
L(pi,k) = υ(pi)
∫
d4x d3ReikR n1(r,p1, t)n2(r +R,p2, t), (3)
2
where
υ(pi) =
√
(p1µp
µ
2 )
2 −m21m22
ε1(p1)ε2(p2)
=
√
(u1 − u2)2 − [u1 × u2]2,
ε(p) ≡ ε =
√
p2 +m2, u =
p
ε(p)
. (4)
If the initial states are plane waves, the scattering matrix element reads
S
(pw)
fi = i(2π)
4 δ(4)
(
p1 + p2 −
∑Nf
f pf
) T (pw)fi
V (2+Nf )/2
, T
(pw)
fi =
M
(pw)
fi√
2ε12ε2
∏
f
2εf
, (5)
where the amplitudes T
(pw)
fi and M
(pw)
fi do not depend on the normalization volume V .
The generalized scattering cross-section,
dσgen =
dW
L
, (6)
can be uniquely defined [1] as a ratio of a process probability dW
dW = |Sfi|2
∏
f
V
d3pf
(2π)3
=
∫
d3p1
(2π)3
d3p2
(2π)3
d3k
(2π)3
L(pi,k) dσ(pi,k),
dσ(pi,k) = (2π)
4 δ
(
ε1(p1 + k/2) + ε2(p2 − k/2)−
Nf∑
f
εf (pf )
)
δ(3)
(
p1 + p2 −
Nf∑
f
pf
)
×T (pw)fi (p1 + k/2,p2 − k/2)T (pw)fi
∗
(p1 − k/2,p2 + k/2) 1
υ(pi)
∏
f
d3pf
(2π)3
, (7)
and a luminosity L
L =
∫
d3p1
(2π)3
d3p2
(2π)3
d3k
(2π)3
L(pi,k) =
∫
d3p1
(2π)3
d3p2
(2π)3
d4x υ(pi)n1(r,p1, t)n2(r,p2, t). (8)
Note that
d3p1
(2π)3
d3p2
(2π)3
υ(pi) =
d3p1
2ε1(2π)3
d3p2
2ε2(2π)3
4
√
(p1µp
µ
2 )
2 −m21m22 = inv,
and so the generalized cross section and the luminosity are Lorentz invariant.
The complex function dσ(pi,k) we call simply the cross section. For k = 0, it is real and
coincides with the customary plane-wave cross-section,
dσ(pw)(pi) ≡ dσ(pi,0) = (2π)4 δ(4)(p1 + p2 − pf )
|M (pw)fi |2
4
√
(p1µp
µ
2 )
2 −m21m22
∏
f
1
2εf
d3pf
(2π)3
, (9)
in which the amplitudes with different momenta do not interfere, which signifies a fully
incoherent regime or the plane-wave approximation.
The general formula (6), in which the incoming states are described with the Wigner
functions, is totally equivalent to the standard approach (see, e. g., [36, 37]) with the wave
functions or the density matrices. The current representation, however, is more illustrative
when dealing with the spatially localized wave packets instead of plane waves, and allows one
to conveniently describe effects of the finite impact parameters [1] and of the non-Gaussianity
of the packets [11].
3
2.2 Relativistic Wigner functions
The incoming states in Eq.(3) are characterized by a bosonic part of the particle’s Wigner
function n(r,p, t), which is Lorentz invariant and normalized as∫
d3p
(2π)3
d3xn(r,p, t) = 1 = inv. (10)
If the particles are fermions, their spins are taken into account in Eq.(3) exactly, because the
corresponding bispinors u(p) are factorized in the momentum space and enter the scattering
amplitude. That is why in the approach based on Eq.(3), in which the momentum represen-
tation plays the key role, there is no need in fermionic relativistic Wigner functions (studied,
e.g., in Refs. [38, 39]). For a pure state with a Lorentz invariant (bosonic part of a) wave
function ψ(p), the relativistic Wigner function is
n(r,p, t) =
∫
d3k
(2π)3
eikr
ψ∗(p− k/2, t)√
2ε(p − k/2)
ψ(p + k/2, t)√
2ε(p + k/2)
, (11)
where
ψ(p, t) = ψ(p) e−itε(p),
and the factors
√
2ε(p ± k/2) are separated for convenience, as they provide Lorentz invari-
ance of the wave function and of the normalization,∫
d3p
(2π)3
d3xn(r,p, t) =
∫
d3p
(2π)3
1
2ε(p)
|ψ(p)|2 = 1 = inv. (12)
One can also employ the coordinate wave function,
ψ(r, t) =
∫
d3p
(2π)3
1√
2ε(p)
ψ(p, t) eirp, (13)
and the Wigner function becomes
n(r,p, t) =
∫
d3y e−ipyψ∗(r − y/2, t)ψ(r + y/2, t). (14)
Although the function ψ(r, t) is not Lorentz invariant, its normalization is so,∫
d3p
(2π)3
d3xn(r,p, t) =
∫
d3x |ψ(r, t)|2 = 1 = inv. (15)
2.3 Paraxial approximation in scattering
Let us derive an approximate formula in which the effects of the amplitude self-interference
enter perturbatively, but coherent properties of the incoming packets are taken into account
exactly. In contrast to the standard textbook way of reasoning, we do not imply first that
the packets are extremely narrow in momentum space. The only condition is that we deal
with the one-particle states, for which the coordinate uncertainty of each packet σ⊥, which
is at rest on average, must be larger than its Compton wavelength λc = 1/m ≡ ~/mc (see,
e. g., Sec.1 in [36]),
σ⊥ > λc, δp ≡ 1/σ⊥ < m, (16)
and these inequalities are Lorentz invariant. In the laboratory frame where the packet moves
with a constant speed its longitudinal size is Lorentz-contracted (see Eq.(40) below), while
the transverse coherence length σ⊥ stays the same.
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The non-paraxial packets that violate the condition (16) can be created with the aid of
external electromagnetic fields only. If the momentum uncertainty δp is larger than m, the
field creates electron-positron pairs and the effects of the packets’ quantum self-interference
are no longer negligible. Therefore within the conventional scattering theory we imply that
the invariant condition (16) is fulfilled, the vacuum is stable, the external fields are absent,
and the packets’ self-interference is also absent, which is closely connected with the positivity
of the corresponding Wigner functions (see Ref. [12] for an example in which the latter is not
the case).
Due to the oscillating factor eikR in the correlator (8), the main contribution to the
integral over k in (3) comes from the following region:
|k| . 1/R ∼ 1/σ⊥ = δp,
given that the Wigner functions are well-localized in space. Expanding the cross section
dσ(pi,k) in (3) in a series in k, we get
dσ(pi,k) = dσ
(pw)(pi) + k
∂ dσ(pi,k)
∂k
∣∣∣
k=0
+O(k2). (17)
and therefore
dσgen = dσ
incoh + dσint +O ((δp)2) , (18)
where the leading contribution,
dσincoh =
dW incoh
L
,
dW incoh =
∫
d3p1
(2π)3
d3p2
(2π)3
d4xυ(pi)n1(r,p1, t)n2(r,p2, t) dσ
(pw)(pi), (19)
contains an incoherent integration of the plane-wave cross-sections. The first correction,
dσint = − 1
L
∫
d3p1
(2π)3
d3p2
(2π)3
d4xυ(pi)n1(r,p1, t)
∂n2(r,p2, t)
∂r
∂ Im dσ(pi,k)
∂k
∣∣∣
k=0
, (20)
is due to quantum self-interference of the amplitudes. Importantly, the coherent properties of
the wave packets are taken into account in Eqs.(19) and (20) exactly. As a result, the following
purely quantum features of a packet make non-vanishing contributions to the generalized cross
section: (i) the possible self-interference, closely connected with the negative values of the
state’s Wigner function (see, e.g., [12]), (ii) the spreading with time, (iii) the possible non-
Gaussianity of its spatial profile, and (iv) a finite impact-parameter between the incoming
packets as well as the finite transverse coherence length. All these effects are completely
neglected in the plane-wave approximation based on Eq.(9).
The correction dσint can be written in a more illustrative way if we represent the amplitude
as follows:
M
(pw)
fi = |M (pw)fi | exp
{
iζ
(pw)
fi
}
, ζ
(pw)
fi = arctan
ImM
(pw)
fi
ReM
(pw)
fi
= inv. (21)
This yields the following simple result:
∂ Im dσ(pi,k)
∂k
∣∣∣
k=0
= dσ(pw)(pi) ∂∆p ζ
(pw)
fi (pi), ∂∆p =
∂
∂p1
− ∂
∂p2
, (22)
and therefore
dσint = − 1
L
∫
d3p1
(2π)3
d3p2
(2π)3
d4xυ(pi)n1(r,p1, t)
∂n2(r,p2, t)
∂r
dσ(pw)(pi) ∂∆p ζ
(pw)
fi (pi). (23)
5
Thus, this correction depends on how the phase of the amplitude ζ
(pw)
fi (pi) changes with the
incoming momenta p1,p2 or with the invariant variables s, t.
The expansion (18) does not invoke the perturbation theory and, therefore, little can
generally be said about the ratio dσint/dσincoh. Within the perturbative approach with a
small parameter α, which is α ≈ 1/137 in QED or α . 1 in the perturbative QCD, the
momentum-dependent phase appears beyond the tree level only,
ζ
(pw)
fi = const +O(α). (24)
As a result,
dσint
dσincoh
= O
(
α
p⊥√
s
)
, (25)
where s = (p1 + p2)
2 and p⊥ is some transverse momentum, which can be connected either
with the wave packets’ transverse coherence length or with a finite impact parameter (see
Sec.6.3 for more detail).
We call the paraxial approximation a regime in which the packets are wide in the transverse
plane or very narrow in the vicinity of some momenta pi ≈ 〈pi〉,
σ⊥ ≫ λc, δp ≡ 1/σ⊥ ≪ m. (26)
If we take the cross section dσ(pw)(pi) in (19) out of the integral at these momenta, this
brings about the customary plane-wave result,
dσgen = dσ
incoh = dσ(pw)(〈pi〉), dσint = 0. (27)
It is tempting to expand dσ(pw)(pi) in (19) into series in the vicinity of 〈pi〉 and keep the
corrections to dσ(pw)(〈pi〉) of the order of (pi − 〈pi〉)2 ∼ (δpi)2, so that
dσincoh = dσ(pw)(〈pi〉) +O(λ2c/σ2⊥). (28)
For available beams of the particle accelerators and the electron microscopes these corrections
are (see details in Sec.4)
λ2c
σ2⊥
≡ (δp)
2
m2
< 10−6. (29)
We would like to emphasize, however, that the coordinates and momenta in the Wigner
functions do not generally factorize even in the paraxial approximation (see the examples in
Sec.3), which is why such a perturbative approach (28) stays valid only
• Neglecting the possible finite impact parameters between the packets – in particular,
the MD effect [1]. The effect persists even if the impact parameter vanishes but the
packets have different spatial widths, which is typical for packets of different masses
(say, ep→ X).
• Neglecting the possible phase vortices of the incoming states. As we show in Sec.6,
a phase vortex shifts the mean transverse momentum to a non-vanishing value, as a
result of which Eq.(28) ceases to be applicable at small scattering angles.
• Neglecting the packets’ dynamics – that is, a possible finite lifetime of an unstable
particle [2, 3], as well as the packet spreading. In particular, the latter implies (in a
packet’s rest frame)
t≪ td, td = m
(δp)2
= tc
m2
(δp)2
≫ tc, tc = λc/c ≈ 1.3× 10−21 sec., (30)
where td is the packet’s effective diffraction time in its rest frame.
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As the cross section (19) contains integration over all times and over all transverse radii (im-
pact parameters), the above effects can be only moderately attenuated, giving a contribution
to the cross section many orders of magnitude larger than the corrections (29) – up to tens
of percent (see Refs. [1–3] for specific examples).
It is also worth noting that neglect of the packet spreading is not always justifiable. For
instance, scattering of the Gaussian packets by atomic targets was experimentally shown to
strongly depend on a distance between a particle source and the target due to the finite
transverse coherence length of the projectile [13, 14]. If the packet is not Gaussian (say, the
vortex- or Airy beam), it also possesses an intrinsic electric quadrupole moment, as well as
higher multipole moments [40,41]. The contribution of this quadrupole moment is negligible
only if the condition (30) is satisfied, because the moment itself grows with time as the packet
propagates and spreads [41]. The magnitude of these effects can also be much larger than
the estimate (29).
3 Wigner function of a paraxial Gaussian packet
For a fermion, a scalar part of the wave function ψ(p) and its spin-related bispinor u(p)
are factorized in the momentum representation, which is why the general formula (3) for the
cross section depends only on the scalar Wigner functions. Let us derive the latter function
for a paraxial Gaussian wave packet. A packet of a relativistic massive particle in momentum
representation can depend on two four-vectors
pµ = {ε(p),p}, 〈p〉µ = {ε(〈p〉), 〈p〉}, p2µ = 〈p〉2µ = m2. (31)
Its invariant wave function in the general non-paraxial case – that is, when the condition (16)
holds but (26) may not – can be defined as follows (see, e.g., [35, 42]):
ψ(p) =
23/2π
δp
e−m
2/(δp)2√
K1(2m2/(δp)2)
exp
{
ix(0)µ p
µ +
(pµ − 〈p〉µ)2
2(δp)2
}
,
∫
d3p
(2π)3
1
2ε(p)
|ψ(p)|2 = 1.(32)
Here, K1 is a modified Bessel function, x
(0)
µ = {t0,−r0} is a four-vector defining the initial
moment of time t0 and the impact parameter r0. In what follows, we choose
t0 = 0, r0 = {ρ0, 0}.
Clearly, in the rest frame of the packet with 〈p〉 = 0 all the momentum uncertainties coincide,
δpx = δpy = δpz = δp = inv.
Now we return to the paraxial approximation (26) and, taking the invariant ratio δp/m
as a small parameter, we expand the wave function (32) into series and neglect the terms
O ((δp)2/m2). The corresponding paraxial function,
ψpar(p) =
(
2
√
π
δp
)3/2√
2m exp
{
ix(0)µ p
µ − 1
2(δp)2
(p− 〈p〉)i Uij (p − 〈p〉)j
}
,
Uij = δij − 〈u〉i〈u〉j ,∫
d3p
(2π)3
1
2ε(〈p〉) |ψ
par(p)|2 = 1, 〈u〉 = 〈p〉
ε(〈p〉) , (33)
stays invariant for Lorentz boosts along the packet’s mean momentum. Indeed, let the mean
momentum have only a z-component,
〈p〉 = {0, 0, 〈p〉}.
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Then we get
(p− 〈p〉)i Uij (p− 〈p〉)j = p2⊥ +
m2
ε2(〈p〉) (pz − 〈p〉)
2 = inv. (34)
Importantly, this invariance is preserved thanks to the energy terms,
(pµ − 〈p〉µ)2 ∝ (ε(p)− ε(〈p〉))2 = 〈u〉i〈u〉j(p− 〈p〉)i(p− 〈p〉)j +O((p − 〈p〉)3),
absent in a non-relativistic Gaussian packet with a non-invariant envelope
exp
{−(p− 〈p〉)2/2(δp)2} .
For ultra-relativistic particles with a Lorentz factor
γ¯ =
ε(〈p〉)
m
=
1√
1− 〈u〉2 ≫ 1, (35)
the relativistic corrections are crucially important, because they increase the momentum
uncertainty along the z-axis in the laboratory frame,
δpz = δp
ε(〈p〉)
m
≡ δp γ¯ ≫ δp. (36)
Accordingly, in the configuration space the packet shrinks along the z axis (see Eq.(39) below),
so that
δpz σz = inv.
Note that in Ref. [11] a matrix σij was used instead of the single scalar δp, and the above
transformation properties of the packet’s width were postulated rather than derived. In the
current approach they emerge naturally.
According to Eq.(11), the corresponding paraxial Wigner function is
npar(r,p, t) =
(
2
√
π
δp
)3
2m
∫
d3k
(2π)3
1√
2ε(p + k/2)2ε(p − k/2) exp
{
ik(r − r0)−
−it (ε(p+ k/2)− ε(p − k/2)) − 1
(δp)2
(p− 〈p〉)i Uij (p − 〈p〉)j−
− 1
(2 δp)2
ki Uij kj
}
, (37)
Calculating the Gaussian integral over k in a WKB fashion and neglecting the terms O(k2) =
O ((δp)2) in the pre-exponential factor, we arrive at the following everywhere positive func-
tion:
npar(r,p, t) = 8 exp
{
− 1
(δp)2
(p− 〈p〉)i Uij (p− 〈p〉)j−
−(δp)2(r − r0 − ut)i U−1ij (r − r0 − ut)j
}
,∫
d3p
(2π)2
d3x npar(r,p, t) = 1 = inv, (38)
where u = p/ε(p). Note that the power of 2 here, 8 = 23, is related to the dimension of
space and that
U−1ij = δij + γ¯
2 〈u〉i〈u〉j .
In the special case with 〈p〉 = {0, 0, 〈p〉}, we get a yet simpler result
npar(r,p, t) = 8 exp
{
− 1
(δp)2
(
p2⊥ + γ¯
−2 (pz − 〈p〉)2
)−
8
−(δp)2 ((ρ− ρ0 − u⊥t)2 + γ¯2 (z − uzt)2)}, (39)
and the Lorentz invariance of this function is easily seen.
Clearly, the coordinates and momenta do not fully factorize in this paraxial expression1,
as the coordinate part depends on u ≡ u(p) = {u⊥, uz}, not 〈u〉. That is why this packet
does spread with time, and its width in the configuration space at t = 0 is (recall Eq.(36))
σ⊥ = 1/δp = inv, σz = γ¯
−1 σ⊥,
and so δp σ⊥ = δpz σz = 1 = inv. (40)
Although everywhere positive, this Wigner function is not quasi-classical as it takes into
account finite uncertainties of the coordinates and momenta, as well as spreading with time.
4 A benchmark case: collision of two Gaussian packets
Let us first represent the luminosity (8) as follows:
L =
∫
d3p1
(2π)3
d3p2
(2π)3
υ(pi) I
corr(pi), I
corr(pi) =
∫
d4xn1(r,p1, t)n2(r,p2, t) = inv. (41)
Then the incoherent contribution (19) to the generalized cross section is
dσincoh =
∫
d3p1d
3p2 υ(pi) I
corr(pi) dσ
(pw)(pi)∫
d3p1d3p2 υ(pi) Icorr(pi)
. (42)
Now that we have found the paraxial Wigner function, we are able to calculate the correlator
Icorr(pi) within this model exactly.
Consider a head-on collision of two paraxial Gaussian packets with the momenta
〈p1〉 = {0, 0, 〈p1〉}, 〈p2〉 = {0, 0, 〈p2〉},
with the Wigner functions (39), and suppose that
ρ1,0 = 0, ρ2,0 ≡ b = {bx, by, 0},
where b is an impact parameter between the packets’ centers. After somewhat tedious cal-
culations, we arrive at the following correlator:
Icorr(pi; b) =
∫
d4xnpar1 (r,p1, t)n
par
2 (r,p2, t; b) =
=
(8π)2
((δp1)2 + (δp2)2)
√
(δp1z)
2 + (δp2z)
2
1√
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
× exp
{
− 1
(δp1)2
(
p1
2
⊥ + γ¯
−2
1 (p1z − 〈p1〉)2
)− 1
(δp2)2
(
p2
2
⊥ + γ¯
−2
2 (p2z − 〈p2〉)2
)−
−σ212 bi∆ij bj
}
(43)
where we have denoted:
∆u = u1(p1)− u2(p2) = {∆u⊥,∆uz},
∆ij = δij − σ
2
12
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
(∆u)i (∆u)j,
1For a pure state, such a factorization would imply npar(r,p, t) ∝ |ψpar(r, t)|2|ψpar(p)|2, which is obviously
not the case even in the paraxial approximation.
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σ212 =
(δp1)
2(δp2)
2
(δp1)2 + (δp2)2
=
(
1
(δp1)2
+
1
(δp2)2
)−1
=
1
σ12⊥ + σ2
2
⊥
,
σ212,z =
(δp1z)
2(δp2z)
2
(δp1z)
2 + (δp2z)
2
, δp1z = γ¯1 δp1, δp2z = γ¯2 δp2. (44)
The functions σ12 and σ12,z have the following limits:
lim
δp1→0
σ12 = δp1, lim
δp2→0
σ12 = δp2,
lim
δp1z→0
σ12,z = δp1z, lim
δp2z→0
σ12,z = δp2z. (45)
Let us introduce an invariant transverse correlation length of the in-state,
ρeff = σ
−1
12 =
√
σ12⊥ + σ2
2
⊥ = inv, (46)
which is defined by the widest of the two packets due to (45), and so ρeff ≈ σ1⊥ when
σ1⊥ ≫ σ2⊥ and vice versa. For instance, in collision of a light particle with a heavy one (say,
ep→ X) we have σ12 ≈ δpe ≪ δpp, ρeff ≈ σe⊥ ≫ σp⊥.
The analogous longitudinal correlation length,
lsc = σ
−1
12,z =
√
σ12z + σ2
2
z, (47)
defines an effective distance where the packets overlap at the moment of time t = 0 and, unlike
its transverse counterpart, it decreases as the packets shrink due to the Lorentz contraction
in the laboratory frame. In these terms, the prefactor in (43) can be rewritten as follows:
1
((δp1)2 + (δp2)2)
√
(δp1z)
2 + (δp2z)
2
=
V1V2
Vsc
, (48)
where
V = σ2⊥ σz = γ¯
−1 σ3⊥ and Vsc = ρ
2
eff lsc (49)
are an effective volume of the packet in the laboratory frame and that of the scattering region,
respectively.
Now let us study in more detail the simplest scenario in which both the colliding particles
are stable, ultrarelativistic,
γ¯1 ≫ 1, γ¯2 ≫ 1,
and we neglect the spreading. The z-components of the momentum uncertainties δpz are
much larger than their transverse counterparts δp, which is why we can put p1,⊥ = p2,⊥ = 0
under the integrals in (42) – that is, neglect the terms O ((δp)2/m2) – but keep the corrections
of the order of
(δpz)
2/m2 = γ¯2(δp)2/m2 ≫ (δp)2/m2.
Expanding the cross section dσ(pw)(pi) ≡ dσ(pw)(p1z, p2z) into the series, we arrive at the
following simple result:
dσincoh ≃ dσ(pw)(〈pi〉) +
(
δp1z
2m1
)2 ∂2dσ(pw)(〈pi〉)
∂γ¯21
+
(
δp2z
2m2
)2 ∂2dσ(pw)(〈pi〉)
∂γ¯22
,
L =
1
π
σ212 exp
{−σ212 b2} , (50)
where we have put 〈p1,2〉 ≈ ε(〈p1,2〉) = γ¯1,2m1,2 ≫ m1,2.
The key question is how the correction to the plane-wave cross section,
δσincoh = dσincoh − dσ(pw)(〈pi〉), (51)
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behaves as a function of the energy. As an example, let the particles have the same mass,
m1 = m2 ≡ m. Then in the center-of-mass frame with
γ¯1 = γ¯2 ≡ γ¯ =
√
s/2m,
the cross section of the annihilation process e+e− → µ+µ− or e+e− → hadrons decays in the
ultrarelativistic limit as follows [37]
dσ(pw)
dt
∝ α
2
s2
, (52)
which yields
(
δpz
2m
)2 ∂2dσ(pw)
∂γ¯2
∼
(
δp
m
)2 ∂ dσ(pw)
∂ ln s
∼ (δpz)
2
s
dσ(pw),
where
(δpz)
2
s
=
(
δp
2m
)2
= inv, and so δσincoh = O((δp)2/m2), (53)
exactly like in Eq.(28). Moreover, any power-law decay
dσ(pw)
dt
∝ 1
sn
, n ≥ 1, (54)
yields the same result, Eqs.(28), (53).
Irrespectively of the specific process, the high-energy behavior of an elastic cross section
is limited by the Froissart bound [43]
dσ(pw)
d cos θsc
≤ const√s ln3 s/ sin θsc, 0 < θsc < π,
dσ(pw)
d cos θsc
≤ const s ln4 s, θsc = 0, π. (55)
Here, θsc is a scattering angle. Clearly, even if the bound is saturated ∂ dσ
(pw)/∂ ln s does
not grow with the energy faster than dσ(pw). Therefore the corrections to the plane-wave
result do not really grow with the energy and are of the same order of magnitude as those
that we already neglected when deriving (50) or the paraxial Wigner function (38). If the
Froissart bound were violated, which would be connected with violation of the unitarity of
the S-matrix, this could result in a polynomial growth of the corrections to the plane-wave
cross section with the energy.
Therefore, within the paraxial approximation with the Gaussian beams we recover the
standard result,
dσincoh = dσ(pw)(〈pi〉). (56)
Corrections to this can be estimated as follows. For available beams of the electron micro-
scopes with σ⊥ & 0.1 nm [30], we have the estimate (29). For high-energy electron (positron)
colliders, the typical energy spread is [44]
δε
ε
≡ ∆ ∼ 10−4 − 10−3. (57)
The momentum uncertainty in the laboratory frame is connected with this parameter as
δpz =
εδε
p
∼ ε∆, ε≫ m. (58)
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And the transverse coherence length of each wave packet in a beam is obtained as
σ⊥ =
γ
δpz
∼ λc
∆
∼ (103 − 104)λc. (59)
For electrons this amounts to
σ⊥ ∼ 0.1− 1 nm, (60)
which is 3−5 orders of magnitude smaller than the beam width. Therefore the estimate (29)
also holds valid for the electron accelerators.
For proton and anti-proton colliders, the energy spread is ∆ = δε/ε & 10−4 [44], and so
the proton transverse coherence length is
σ⊥ ∼ λc,p/∆ ∼ 1 pm, δp ∼ 100 keV, (61)
at least two orders of magnitude smaller than the width of an electron packet (60). That is
why the analogous estimate for protons is
λ2c,p
σ2⊥
≡ (δp)
2
m2p
< 10−8. (62)
5 Wigner function of a paraxial vortex packet
Let us now find a Wigner function of a paraxial massive particle with a phase vortex.
The spinless part of its wave function represents the corresponding generalization of that of
the Gaussian beam, Eq.(33), and looks as follows:
ψparℓ (p) =
(
2
√
π
δp
)3/2√
2m
1√|ℓ|!
(
p⊥
δp
)|ℓ|
× exp
{
iℓφp + ix
(0)
µ p
µ − 1
2(δp)2
(p− 〈p〉)i Uij (p− 〈p〉)j
}
,∫
d3p
(2π)3
1
2ε(〈p〉) |ψ
par
ℓ (p)|2 = 1, 〈u〉 = {0, 0, 〈u〉}. (63)
Clearly, the mean value of the operator Lˆz = −i∂/∂φp is 〈Lˆz〉 = ℓ, and at the point of the
phase vortex, p⊥ → 0, the intensity vanishes,
|ψparℓ (p)|2 ∝ p2|ℓ|⊥ → 0. (64)
The function (63) is just a fundamental mode of a generalized Laguerre-Gaussian beam ψparℓ,n=0
[35] and it is Lorentz invariant for boosts along the mean momentum (z). The Bessel state
is a limiting case of this beam, obtained when n → ∞, σ⊥ → ∞ [35]. In this paper, we
restrict ourselves to the case with one radial maximum (n = 0) and, therefore, transition to
the scattering with the Bessel state is not possible. On the other hand, we will see in Sec.6
that the latter case is effectively reproduced for the small values of |ℓ|, which is a property
of the single-twisted scenario.
Evaluating the Wigner function according to Eq.(11), we make the following expansion
in the exponent:
iℓ (φp(p+ k/2)− φp(p− k/2)) = −iℓk p× zˆ
p2⊥
+O(k3⊥/p3⊥). (65)
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It is important that this expansion be made in the exponent and not in the pre-exponential
factor. The corresponding paraxial Wigner function is
nparℓ (r,p, t) =
8
|ℓ|!
(
p⊥
δp
)2|ℓ|
exp
{
− 1
(δp)2
(
p2⊥ + γ¯
−2 (pz − 〈p〉)2
)−
−(δp)2
((
ρ− ρ0 − u⊥t− ℓ p× zˆ
p2⊥
)2
+ γ¯2 (z − uzt)2
)}
. (66)
It is exponentially suppressed at p⊥ → 0, which is just a consequence of the phase vortex.
Clearly, because of the paraxiality condition this expression for the Wigner function is
not unique. Indeed, if we derive this function starting from the coordinate representation
instead, Eq.(14), we would get a similar result but with a pre-exponential factor (ρ δp)2|ℓ|
instead of (p⊥/δp)
2|ℓ|. Then, the expansion similar to (65),
iℓ (φr(r + y/2) − φr(r − y/2)) = −iℓy ρ× zˆ
ρ2
+O(y3⊥/ρ3),
would also result in the following replacement2:
p2⊥ →
(
p⊥ + ℓ
ρ× zˆ
ρ2
)2
,
which provides the exponential suppression of the Wigner function at ρ→ 0. If needed, one
can rewrite the Wigner function in a x − p symmetric form, which for the pre-exponential
factor would be
(p⊥/δp)
2|ℓ| = (p⊥/δp)
|ℓ|(p⊥/δp)
|ℓ| = (ρ p⊥)
|ℓ|,
where the last equality is valid only in the paraxial approximation. So the pre-factor in
Eq.(66) does not depend on the momentum uncertainty δp at all and the Wigner function
vanishes both when ρ→ 0 and p⊥ → 0. For our current purposes, it is convenient to use the
representation (66).
6 Collision of a Gaussian beam with a vortex packet
6.1 The cross section
Let us study collision of the Gaussian wave packet with a vortex particle. The incoherent
cross section dσincoh cannot be represented as the plane-wave expansion (28), because the
phase vortex leads to a shift of the mean transverse momentum, which is somewhat analogous
to a finite impact parameter in the MD effect. As the case with ℓ = 0 reduces to the one in
Sec.4, we suppose that the OAM is not vanishing, |ℓ| ≥ 1.
The corresponding correlator is
Icorrℓ (pi; b) =
∫
d4xnpar1 (r,p1, t)n
par
2,ℓ (r,p2, t; b) =
1
|ℓ|!
(
p2⊥
δp2
)2|ℓ|
Icorr
(
pi; b+ ℓ
p2 × zˆ
p22⊥
)
,(67)
where Icorr(pi; b+ ℓ
p2×zˆ
p22⊥
) is the Gaussian correlator (43) with
b→ b+ ℓ p2 × zˆ
p22⊥
.
2Note that in the Wigner function derived in Ref. [45] the terms −ℓ p×zˆ
p2
⊥
and ℓ ρ×zˆ
ρ2
in the exponents were
mistakenly omitted – see the Corrigendum.
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When b = 0, the part in the correlator’s exponent that depends on p2⊥ looks as
Icorrℓ (pi;0) ∝ exp
{
− p2
2
⊥
(δp2)2
− σ212
ℓ2
p22⊥
(
1− σ
2
12
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
[u1⊥ × p2⊥]2z
p22⊥
)}
,(68)
and it does not depend on the sign of the OAM. Then, exactly as in Sec.4, we can put
p1⊥ → 0 everywhere; as a result the term [u1⊥ × p2⊥]2z/p22⊥ vanishes.
The function in the exponent,
Icorrℓ (pi;0) ∝ exp
{
− p2
2
⊥
(δp2)2
− σ212
ℓ2
p2
2
⊥
}
, (69)
can be expanded in the vicinity of the point
√
σ12 δp2 |ℓ| where the phase is stationary,
exp
{
− p2
2
⊥
(δp2)2
− σ212
ℓ2
p22⊥
}
≃ exp
{
− 2|ℓ|σ12
δp2
−
(
2
δp2
)2 (
p2⊥ −
√
σ12 δp2 |ℓ|
)2}
. (70)
Here, σ12 is from Eq.(44).
Remarkably, the effective mean value of p2⊥,√
σ12 δp2 |ℓ|, (71)
also depends on the momentum uncertainty δp1 of the other (Gaussian) packet, due to the
quantum interference between the incoming particles. It coincides with the mean transverse
momentum of the vortex packet 〈p2⊥〉 ≃ δp2
√
|ℓ| [35],√
σ12 δp2 |ℓ| ≈ δp2
√
|ℓ|, (72)
only
• When the incoming states have the same uncertainties, δp1 = δp2 (say, for e−e− →
X, pp→ X, etc.),
• And when δp1 ≫ δp2 (σ1⊥ ≪ σ2⊥). This happens when the Gaussian packet corre-
sponds to a particle which is much heavier than the twisted one – say, a proton and a
vortex electron, respectively.
In the opposite regime with δp2 ≫ δp1 (σ1⊥ ≫ σ2⊥), we have√
σ12 δp2 |ℓ| ≈
√
δp1δp2|ℓ| ≪ δp2
√
|ℓ|. (73)
This scenario is realized when the twisted particle is much heavier than the Gaussian packet
– say, a vortex proton and an electron, respectively.
Thus, the final expression for the correlator is
Icorrℓ (pi;0) =
1
|ℓ|!
(
p2⊥
δp2
)2|ℓ|
(8π)2
V1V2
Vsc
1√
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
× exp
{
− 1
(δp1)2
(
p1
2
⊥ + γ¯
−2
1 (p1z − 〈p1〉)2
)−
−2|ℓ| σ12
δp2
−
(
2
δp2
)2 (
p2⊥ −
√
σ12 δp2 |ℓ|
)2
− 1
(δp2)2
γ¯−22 (p2z − 〈p2〉)2
}
. (74)
The correlator, the luminosity, and the scattering probability are exponentially suppressed
for very large OAM. One can represent the first term in the r.h.s. of Eq.(70) as follows:
exp
{
−2|ℓ| σ12
δp2
}
= exp
{
−2
√
|ℓ| 〈ρ2〉
ρeff
}
, (75)
14
where
〈ρ2〉 = σ2⊥
√
|ℓ| =
√
|ℓ|/δp2 (76)
is a mean radius of the vortex packet [35] and the transverse correlation length ρeff is from
Eq.(46). Obviously, for large ℓ the first maximum of the probability density is far from the
Gaussian packet’s center, which is why the packets do not nearly overlap.
Now we return to the general formula for the incoherent cross section (42) and notice that
at p1 → 〈p1〉 = {0, 0, 〈p1〉} the ratio
υ(pi)√
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
does not depend on the azimuthal angle φ2. As a result, the generalized cross section is
simply connected with the plane-wave one,
dσincoh =
2π∫
0
dφ2
2π
dσ(pw) (〈p1〉,p2(φ2)) , (77)
where
p2(φ2) = {
√
σ12 δp2 |ℓ| cosφ2,
√
σ12 δp2 |ℓ| sinφ2, 〈p2〉}. (78)
Unlike the probability, this cross section is not attenuated at large ℓ, and when ℓ = 0 we
return to the customary plane-wave result for the Gaussian beams (56). For non-vanishing
OAM, Eq.(77) explicitly violates the naive expression for the corrections to the plane-wave
result, Eq.(28).
There are two main differences between Eq.(77) and the analogous expression within the
simplified model of the Bessel beam (Eq.(31) in [8]):
• The cross section now depends on absolute value of the OAM |ℓ|, as the vortex packet’s
transverse momentum grows as
√
|ℓ|,
• It also depends on δp1 due to interference between the packets.
That is why the difference from the model of the Bessel beam will be most pronounced for
highly twisted particles with |ℓ| ≫ 1 and when the twisted particle is much heavier than the
OAM-less one (δp2 ≫ δp1).
6.2 Specific example: 2→ 2
For a special case of a 2→ 2 collision (see Fig.1) the cross section is
dσincoh =
2π∫
0
dφ2
2π
d3p3
2ε3(2π)3
d3p4
2ε4(2π)3
(2π)4 δ(4)(p1 + p2(φ2)− p3 − p4)
|M (pw)fi |2
4I
, (79)
where I =
√
(p1µp
µ
2 )
2 −m21m22 and
p1 = {ε1, 0, 0, 〈p1〉} , ε1 =
√
〈p1〉2 +m21,
p2(φ2) = {ε2, p⊥ cosφ2, p⊥ sinφ2, 〈p2〉} , ε2 =
√
〈p2〉2 + p2⊥ +m22,
p⊥ =
√
σ12 δp2 |ℓ|. (80)
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Figure 1: Collision of a Gaussian packet with a generalized Laguerre-Gaussian beam ψℓ,n=0.
Due to the quantum interference, the effective transverse momentum p⊥ in (71), (80) does
not generally coincide with the mean transverse momentum 〈p2⊥〉 ≃ δp2
√
|ℓ|. The latter is
analogous to κ of the Bessel state.
Note that the mean momentum of the twisted particle,
〈p2〉 = {0, 0, 〈p2〉} 6= p2(φ2),
does not coincide with the spatial part of the 4-vector p2(φ2).
Thus, the cross section (77), (79) is obtained from the standard one by averaging over
the azimuthal angles in a non-head-on collision. Analogously to the standard procedure,
it is tempting to rotate first the axes so that p⊥ → 0, to obtain the angular distributions
dσincoh/dΩ, and then return to the non-vanishing transverse momentum. However, the az-
imuthal angle is not invariant under such a rotation, which is why one can eliminate the
energy-momentum delta-function in the center-of-mass frame with
〈p1〉 = −〈p2〉 ≡ 〈p〉. (81)
In contrast to the plane-wave case, the transverse momentum p2⊥ is not vanishing even in
this frame. The integral over p4 can be removed, and so
p4 = {p2⊥ − p3⊥,−p3z}, p2⊥ = p⊥{cosφ2, sinφ2}.
The remaining delta-function cannot be eliminated by integrating over ε3 + ε4, but we
can represent it as follows:
1
2ε4
δ(ε − ε3 − ε4) = δ
(
ε24 − (ε− ε3)2
)
=
1
2p3⊥p⊥
δ (cos(φ2 − φ3)− cos(φ23)) =
=
1
4∆
(δ (φ2 − φ3 − φ23) + δ (φ2 − φ3 + φ23)) , (82)
where ε = ε1 + ε2 ≥ m3 +m4,
φ23 = arccos
p2⊥ + p3
2
⊥ − p42⊥
2p3⊥p⊥
(83)
is an angle between the vectors p2⊥ and p3⊥ in a triangle p2⊥ = p3⊥ + p4⊥,
p2⊥ + p3
2
⊥ − p42⊥ = p2⊥ +m24 + p23 − (ε− ε3)2,
p4
2
⊥ = (ε− ε3)2 − p32z −m24, (84)
and
∆ =
1
2
p3⊥ p⊥ sinφ23 (85)
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is an area of the triangle. This area can be represented as follows:
4∆ =
∣∣∣∣
√
(2p⊥p3⊥)
2 − (p2⊥ + p32⊥ − p42⊥)2
∣∣∣∣ , (86)
where p4⊥ is from Eq.(84).
As the invariant I does not depend on the azimuthal angle φ2, we integrate over it and
arrive at the following result for the angular distribution in the center-of-mass frame:
dσincohCM
dΩ3
=
1
16π3
1
4I
∫
d|p3||p3|2
ε3
1
4∆
(
|M (pw)fi |2
∣∣∣
φ2−φ3=φ23
+ |M (pw)fi |2
∣∣∣
φ2−φ3=−φ23
)
=
=
1
16π3
1
4I
ε−m4∫
m3
dε3
√
ε23 −m23
4∆
(
|M (pw)fi |2
∣∣∣
φ2−φ3=φ23
+ |M (pw)fi |2
∣∣∣
φ2−φ3=−φ23
)
, (87)
where p3 = |p3|{sin θ3 cosφ3, sin θ3 sinφ3, cos θ3} and we have used the identity d|p3||p3| =
dε3 ε3. In contrast to the plane-wave case, there appears a certain distribution over the final
particle’s energy.
Note that the quantum interference in (87) between two kinematic configurations [32]
vanishes for the totally unpolarized case. Indeed, when we average over the incoming spins
and sum over the final ones, the square of the matrix element, |M (pw)fi |2, can depend only on
the scalar products p2 · p3 ∝ cos(φ2 − φ3) → cos(φ23), which is even in φ23 → −φ23. As a
result,
|M (pw)fi |2
∣∣∣
φ2−φ3=φ23
= |M (pw)fi |2
∣∣∣
φ2−φ3=−φ23
, (88)
and it does not depend on φ3 alone. In this case we get
dσincohCM
d cos θ3
=
1
(2π)2
1
4I
ε−m4∫
m3
dε3
√
ε23 −m23
4∆
|M (pw)fi |2
∣∣∣
φ2−φ3=φ23
. (89)
The φ23-odd terms sin(φ2 − φ3) → sinφ23 can arise from the products with a spin vector ζ
like
|M (pw)fi |2 ∝ ζ · [p2 × p3] ∝ sin(φ2 − φ3), (90)
that is, when at least one of the particles is polarized.
Let us now take another approach and obtain a representation, which is more general than
Eq.(87) and where the azimuthal integral is kept. First we eliminate the energy-momentum
delta-function in Eq.(79) in an arbitrary frame of reference. By introducing the notation
p ≡ p1 + p2 = {ε,p}, s = p2 = (p1 + p2)2, (91)
it is convenient to employ the following representation:∫
d3p3
2ε3
d3p4
2ε4
δ(4)(p− p3 − p4) =
=
∫
p0
3
≥0,p0
4
≥0
d4p3d
4p4 δ
(
p23 −m23
)
δ
(
p24 −m24
)
δ(ε − p03 − p04) δ(3)(p− p3 − p4) =
=
∫
p03≥0
d4p3 δ
(
p23 −m23
)
δ
(
(ε− p03)2 − (p − p3)2 −m24
)
=
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=∫
dΩ3
1
4
(p03)
2 −m23∣∣∣ε√(p03)2 −m23 − p03(pn3)∣∣∣ , (92)
where n3 = p3/|p3| = {sin θ3 cosφ3, sin θ3 sinφ3, cos θ3}, and
p03 =
1
2
1
ε2 − (pn3)2
(
ε(s +m23 −m24) + (pn3)
√
(s +m23 −m24)2 − (2m3)2(ε2 − (pn3)2)
)
.(93)
Note that ε2 − (pn3)2 > 0, (s +m23 −m24)2 − (2m3)2(ε2 − (pn3)2) ≥ 0, and p03 ≥ 0.
As a result, we arrive at the following compact formula in an arbitrary frame:
dσincoh
dΩ3
=
2π∫
0
dφ2
2π
dσ(pw)
dΩ3
=
=
1
16π2
1
4I
2π∫
0
dφ2
2π
(p03)
2 −m23∣∣∣ε√(p03)2 −m23 − p03(pn3)∣∣∣ |M
(pw)
fi |2. (94)
As the energy of the final particle p03 depends on the azimuthal angle φ2, the integration over
φ2 is equivalent to that over ε3 and in the center-of-mass frame (81) with
p = p2⊥(φ2), (pn3) = p⊥ sin θ3 cos(φ2 − φ3)
Eq.(94) is analogous to Eq.(87).
If we neglect all the masses in the reaction, we get
p03 =
1
2
s
ε− (pn3) , (95)
and the formula (94) simplifies to:
dσincohCM
dΩ3
=
1
64π2
2π∫
0
dφ2
2π
|M (pw)fi |2
(ε− (pn3))2
. (96)
6.2.1 s-channel
Let us study the s-channel in the center-of-mass frame with
ε = ε1 + ε2, ε2 =
√
ε21 + p
2
⊥, s = 2εε1. (97)
Note that s depends on the transverse momentum p⊥ and when p⊥ ≪ ε1, we have
s ≈ s0 + p2⊥, s0 = s(p⊥ = 0) = (2ε1)2. (98)
The square of the matrix element can be obtained from the massless limit of the QED
process3
e+(p1)e
−
tw(p2(φ2))→ µ+(p3)µ−(p4).
For the totally unpolarized case it is [37]
|M (pw)fi |2 =
8(4π α)2
s2
(
(p2p3)
2 + (p1p3)
2
)
,
√
s≫ mµ, (99)
3The final state is not important now, and it can also be hadrons, provided that
√
s is large enough.
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Figure 2: The function g(θ3) from the correction to the plane-wave cross section in the
s-channel (102).
where
2(p1p3) = s ε1
1− cos θ3
ε− pn3 , 2(p2p3) = s− 2(p1p3).
We deal with the following integral in Eq.(96):
In =
2π∫
0
dφ
2π
1
(ε− p⊥ sin θ3 cosφ)n =
(−1)n−1
(n − 1)!
∂n−1
∂εn−1
1√
ε2 − p2⊥ sin2 θ3
, n = 2, 3, 4. (100)
Integrating over φ2, we arrive at the following result:
dσincohCM
dΩ3
=
α2
2
(
I2 − 2ε1 (1− cos θ3) I3 + 2ε21 (1− cos θ3)2 I4
)
. (101)
Expanding this expression over the small parameter p2⊥/s0, we obtain
dσincohCM
dΩ3
=
dσ
(pw)
CM
dΩ3
(
1 +
p2⊥
s0
g(θ3) +O
(
p4⊥
s20
))
,
g(θ3) = − cos θ3
1 + cos2 θ3
(
2 + cos θ3 − 4 cos2 θ3 + 5cos3 θ3
)
, (102)
where g(θ3)→ −2 at θ3 → 0 and
dσ
(pw)
CM
dΩ3
=
α2
4s0
(1 + cos2 θ3) (103)
is the standard cross section of the plane-wave approximation. In Fig.2 we demonstrate how
the correction to the plane-wave result depends on the scattering angle.
Thus, the difference of the generalized cross section (102) from the standard one is atten-
uated as p2⊥/s0 ≪ 1:
dσincohCM
dΩ3
/dσ(pw)CM
dΩ3
= 1 +O
(
p2⊥
s0
)
. (104)
For realistic parameters of the lepton scattering,
δp2 . 1 keV,
√
s0 > 1GeV, (105)
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we have
p2⊥
s0
∼ (δp2)
2
s0
|ℓ| . 10−12|ℓ|, (106)
which for available OAM is many orders of magnitude smaller than the corrections that we
have already neglected. In particular, the analogous corrections due to the finite mass of the
electron would be (see Eq.(29))
p2⊥
m2
. 10−6|ℓ| ≫ p
2
⊥
s0
as
√
s0 ≫ m. (107)
These geometric corrections were discussed in [11].
The situation is different, however, if there is a twisted hadron (say, a proton) in initial
state, that is, for the processes
p(tw)p→ X, p(tw)p¯→ X, ep(tw) → ep, etc.
As the proton’s transverse momentum δpp is some 2−3 orders of magnitude higher than that
of the electron δpe (see Eq.(61)),
δpp ∼ 100 keV ∼ (102 − 103) δpe, σ⊥ ∼ 1 pm, (108)
the corresponding transverse momentum p⊥ =
√
σ12 δpp |ℓ| can also be higher. To be more
precise,
σ12 ∼ δpe, p⊥ ∼
√
δpe δpp |ℓ| for ep(tw) → X,
σ12 ∼ δpp, p⊥ ∼ δpp
√
|ℓ| for p(tw)p→ X. (109)
As a result, for
√
s0 & 1 GeV we have the following estimates of the corrections to the
plane-wave cross sections for processes with the twisted hadrons:
p2⊥
s0
∼ (δpp)
2
s0
|ℓ| . 10−8|ℓ|. (110)
Clearly, for |ℓ| > 103 these corrections can compete with the higher-loop QED contributions.
6.2.2 t-channel
The analogous calculations can also be performed for the lepton scattering in QED,
µ−(p1)e
−
tw(p2(φ2))→ µ−(p3)e−(p4).
For the totally unpolarized case we have
|M (pw)fi |2 =
8(4π α)2
t2
(
(p2p3)
2 + (p1p2)
2
)
, (111)
with
t = −2(p1p3) = −2(p2p4) = −s ε1 1− cos θ3
ε− pn3 .
In the center-of-mass frame we arrive at
dσincohCM
dΩ3
=
2α2
s(1− cos θ3)2
(
2− 2ε1 (1− cos θ3) I1 + ε21 (1− cos θ3)2 I2
)
, (112)
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Figure 3: The function h(θ3) from the correction to the plane-wave cross-section in the t-
channel (113).
where In is from (100). Expanding this over the small p
2
⊥/s0, we finaly get the following
result:
dσincohCM
dΩ3
=
dσ
(pw)
CM
dΩ3
(
1 +
p2⊥
s0
h(θ3) +O
(
p4⊥
s20
))
,
h(θ3) =
1
2
sin2 θ3
4 + (1 + cos θ3)2
(
3− 2 cos θ3 + 3cos2 θ3
)
. (113)
where
dσ
(pw)
CM
dΩ3
=
α2
2s0
4 + (1 + cos θ3)
2
(1− cos θ3)2 , (114)
is the standard plane-wave cross section. In Fig.3 we show the angular dependence of h(θ3).
Although the correction to the plane-wave cross section is found to be of the same order
of magnitude as in the s-channel, we stress that beyond the perturbative QCD the corrections
cease to be small and for the kinetic energies less than 10 MeV they can be seen with a naked
eye (see, for instance, Refs. [15, 16]).
6.3 Non-perturbative phase effects
The expansion (18) does not appeal to the perturbation theory and, therefore, it is appli-
cable even beyond the perturbative regime – say, when the kinetic energies of the incoming
particles are much less than 1 GeV in ep or pp collisions. Let us study the non-perturbative
effects brought about by the interference term, dσint from Eq.(23). For paraxial packets with
the Wigner functions from Eq.(39) or Eq.(66), we have
∂nparℓ (r,p, t)
∂r
= −∂n
par
ℓ (r,p, t)
∂r0
=
= −2(δp)2
{
ρ− ρ0 − ℓ p× zˆ
p2⊥
− u⊥t, γ¯2(z − z0 − uzt)
}
nparℓ (r,p, t) (115)
where r0 = {ρ0, z0}. In what follows, we imply z0 = 0 and ρ0 ≡ b. For collision of the
Gaussian packet with the twisted one, we get∫
d4xn1(r,p1, t)
∂n2(r,p2, t; b)
∂r
= −∂I
corr
ℓ (pi; b)
∂b
=
21
= 2σ212
(
beff − σ
2
12
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
∆u (∆ubeff)
)
Icorrℓ (pi; b) (116)
with Icorrℓ (pi; b) from Eq.(67) and
beff = b+ ℓ
p2 × zˆ
p22⊥
. (117)
These formulas can easily be generalized for other non-Gaussian packets – say, for the Airy
beams (cf. Eq.(4.13) in [11]).
Thus, we have the following expression for the interference correction (cf. Eq.(42)):
dσint = −2σ212
1
L
∫
d3p1
(2π)3
d3p2
(2π)3
υ(pi) I
corr
ℓ (pi; b) dσ
(pw)(pi)
×
(
beff − σ
2
12
σ212(∆u⊥)
2 + σ212,z(∆uz)
2
∆u (∆ubeff)
)
· ∂∆p ζ(pw)fi (pi), (118)
which is odd in beff and, therefore, the ratio dσ
int/dσincoh can be quantified by the following
asymmetry:
A = dσgen(beff)− dσgen(−beff)
dσgen(beff) + dσgen(−beff) =
dσint(beff)
dσincoh(beff)
. (119)
This asymmetry vanishes together with dσint for the vanishing effective impact parameter
beff – say, for a head-on collision of two Gaussian packets. Clearly, beyond the perturbative
regime this asymmetry is not attenuated by any dimensionless small parameter.
Let us suppose now that the integrand in Eq.(118) is a smooth function of the momenta
(which may not be the case for ℓ 6= 0, p2⊥ → 0). Then for the Gaussian packets with
ℓ = 0, 〈pi〉 = {0, 0, 〈pi〉} collided at the impact-parameter b the interference contribution can
be estimated as follows:
A ∼ σ212 b · ∂∆p ζ(pw)fi (pi)
∣∣∣
pi=〈pi〉
∼ σ212 b · p3
∂ζ
(pw)
fi (s, t)
∂t
∣∣∣
pi=〈pi〉
,
s = (p1 + p2)
2, t = (p1 − p3)2, (120)
in accord with Ref. [11]. Both b and σ12 are determined by the widest packet of the two,
b ∼ σ⊥,max, σ212 ≡ 1/ρ2eff ∼ (δp)2min = 1/σ2⊥,max,
and therefore
A = O(δpmin), (121)
as expected.
Thus, a non-vanishing asymmetry (119) requires violation of the azimuthal symmetry in
the initial two-particle state. In other words, the in-state has an angular momentum, which
for collision of the Gaussian packets at a finite impact-parameter is extrinsic (that is, frame-
dependent) and is of the order of b δpmin ∼ 1. Actually, these estimates also hold for the
twisted packet with the intrinsic angular momentum |ℓ| ≫ 1 or for any other non-Gaussian
packet, because the maximum value of the effective impact parameter does not exceed much
the transverse coherence length σ⊥.
Let us turn now to the ultrarelativistic perturbative regime with the small parameter α
and consider elastic scattering with
√
s≫ m, t ≈ −s θ2sc, θsc ≪ 1.
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In this case we can conveniently rewrite the r.h.s. of Eq.(120) as follows (recall Eq.(25)):
A ∼ δpmin√
s
cos(φ3 − φb)
∂ζ
(pw)
fi (θsc)
∂θsc
= O
(
α
p⊥√
s
)
,
p⊥ = δpmin = 1/ρeff, (122)
where φb is an azimuthal angle of the impact parameter. Again, for ep, pp, or pp¯ collisions
with the energies
√
s of at least several GeV, we have
A ∼ α p⊥√
s
. α
(
10−5 − 10−4) , (123)
and this estimate is
√
|ℓ| times larger if there is a twisted particle in the in-state. For TeV
energies, this estimate is some 3−4 orders of magnitude smaller (see Ref. [11] for more detail).
Besides, this asymmetry vanishes after the integration over the azimuthal angle φ3 of the
scattered particle.
Beyond the perturbative regime – for the kinetic energies less than 1 GeV – a naive
estimate of the interference effects is
A ∼ p⊥√
s
∼ (10−5 − 10−4)
√
|ℓ| & α2 (124)
for the processes like ep(tw) → ep, p(tw)p → pp, p(tw)p¯ → pp¯, etc. Clearly, corrections of the
same order of magnitude also arise from the 2-loop diagrams in QED. Thus, a dedicated
study for the specific models of the hadronic phase ζ
(pw)
fi is needed at the kinetic energies
much less than 1 GeV.
We emphasize once again that to get a non-vanishing asymmetry one needs to have an
initial state with some angular momentum, which can be either extrinsic (for non-central
collisions of the vortex-less particles) or intrinsic (for central collisions with the twisted par-
ticles). Analogously to scattering of the highly twisted packets, in the former case the effect
is also enhanced for highly peripheral collisions. For instance, the corresponding extrinsic
orbital momenta can reach 1000~ in nuclear collisions at RHIC [46], as a result of which
the produced Λ hyperons possess the transverse momenta as high as p⊥ < 3 GeV for the
energies of
√
s ∼ 10−200 GeV. Therefore, in this case dσint/dσincoh . p⊥/
√
s ∼ 10−3−10−1,
analogously to the MD effect [1].
7 Discussion
In collisions of particles, the transverse coherence length of the wave packets reveals
itself in corrections to the conventional cross sections, which are defined by an effective
transverse mometum (71) of the incoming state and are additionally enhanced if there are
vortex particles with high angular momenta, |ℓ| > 103, somewhat analogously to collisions at
large impact parameters. The standard calculations based on the plane-wave approximation
stay applicable with the large margin both for elastic and for the deep-inelastic scattering of
relativistic electrons on hadrons, when the perturbative QCD works well.
Beyond the perturbative regime, however, the corrections to the standard results become
only moderately attenuated and accessible to experimental study at the kinetic energies εc
much less than 1 GeV for the processes like e(tw)p → ep, ep(tw) → ep, p(tw)p → pp, etc. In
particular, the measurements of the asymmetry (119) can become a useful tool for testing
phenomenological models of the strong interactions at intermediate, εc . 1 GeV, and low,
εc ≪ 1 GeV, energies. While the maximum kinetic energy of the twisted electrons achieved
so far is εc = 300 keV, generation of the moderately relativistic twisted electrons with the
energies of at least several MeV as well as of the non-relativistic twisted protons with |ℓ| ≫ 1
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would facilitate these studies, as the asymmetry is
√
|ℓ| times enhanced if one of the particles
has a phase vortex. Alternatively, the collisions at large impact parameters can be used for
these purposes, similar to those at RHIC [46].
We would like to emphasize that the above conclusions stay valid within the model,
in which the vortex packets represent the generalized Laguerre-Gaussian states [35]. The
mean transverse momentum of them coincides at |ℓ| ≫ 1 with the momentum uncertainty,√
〈p2⊥〉 − 〈p⊥〉2 ≈ δp
√
|ℓ|, and it cannot therefore be larger than the particle’s mass. There is
an alternative decription of the relativistic twisted packets [9], in which the mean transverse
momentum represents an independent parameter, like in the Bessel beam, and it can be
larger than the particle’s mass. These packets represent a superposition of the Bessel beams
with a Gaussian envelope. Although the Bessel beam is just a special case of the generalized
Laguerre-Gaussian state [35], the model of Ref. [9] may predict larger corrections to the
plane-wave cross sections, which is yet to be explored in detail. Which of the two models is
more suitable for describing the real vortex beams is an open question.
Although our analysis was made for the single packets and not for the multi-particle
beams, the very similar conclusions hold in the latter case as well, provided that the quantum
interference between the packets in the beam is negligible. The latter holds in the paraxial
approximation, σ⊥ ≫ λc, δp ≪ m. For available accelerator beams of the width σ⊥b ∼
10 − 100 µm, which is at least 4 orders of magnitude larger than the transverse coherence
length of an electron packet (60), these interference effects can be safely neglected.
However for the next generation colliders with the nanometer-sized beams (like ILC and
CLIC [44]), the interparticle distance in a beam becomes of the order of the packet’s width
itself, σ⊥b & σ⊥e, and so the packets start to overlap, which is especially important for
spin-polarized electrons and positrons due to the Pauli principle. As a result, the quantum
interference between the packets may reveal itself in the effects of the order of
λc
σ⊥b
. 10−4 .
λc
σ⊥e
, (125)
which in their turn can compete both with the corrections described in this paper and with
the 2-loop QED contributions. The analogous effects in scattering of the non-relativistic
electrons by atoms can reach 10% [12]. Therefore, when studying the role of the transverse
coherence length with the spin-polarized nanometer-sized beams the overlap of the electron
(positron) packets in a beam must be taken into account.
We are grateful to P.Kazinski and I. Ivanov for fruitful discussions. This work is supported
by the Russian Science Foundation (Project No. 17-72-20013).
References
[1] G. L. Kotkin, V.G. Serbo, A. Schiller, Processes with large impact parameters at collid-
ing beams, Int. J. Mod. Phys. A 7, 4707 (1992).
[2] K. Melnikov, G. L. Kotkin, V.G. Serbo, Physical mechanism of the linear beam size
effect at colliders, Phys. Rev. D 54, 3289 (1996).
[3] K. Melnikov, V.G. Serbo, Processes with the T channel singularity in the physical
region: Finite beam sizes make cross-sections finite, Nucl. Phys. B 483, 67 (1997).
[4] I. G. Halliday, R.R. Beever, C. J. Maxwell, Wave packets and the space-time structure
of production processes, Nucl. Phys. B 149, 61 (1979).
24
[5] E.Kh. Akhmedov, A.Yu. Smirnov, Paradoxes of neutrino oscillations, Phys. Atom. Nucl.
72, 1363 (2009); arXiv:0905.1903 [hep-ph].
[6] E.Kh. Akhmedov, J. Kopp, Neutrino oscillations: Quantum mechanics vs. quantum field
theory, J. High Energy Phys. 04, 008 (2010).
[7] E.K. Akhmedov, A.Y. Smirnov, Neutrino oscillations: Entanglement, energy-
momentum conservation and QFT, Found. Phys. 41, 1279 (2011).
[8] I. P. Ivanov, Colliding particles carrying non-zero orbital angular momentum, Phys. Rev.
D 83, 093001 (2011).
[9] I. P. Ivanov, V.G. Serbo, Scattering of twisted particles: Extension to wave packets and
orbital helicity, Phys. Rev. A 84, 033804 (2011); Addendum: Phys. Rev. A 84, 065802
(2011).
[10] V.G. Serbo, I. Ivanov, S. Fritzsche, D. Seipt, A. Surzhykov, Scattering of twisted rela-
tivistic electrons by atoms, Phys. Rev. A 92 012705, (2015).
[11] D.V. Karlovets, Scattering of wave packets with phases, J. High Energy Phys. 03, 049
(2017).
[12] D.V. Karlovets, V.G. Serbo, Possibility to probe negative values of a Wigner function
in scattering of a coherent superposition of electronic wave packets by atoms, Phys. Rev.
Lett. 119, 173601 (2017).
[13] L. Sarkadi, I. Fabre, F. Navarrete, and R.O. Barrachina, Loss of wave-packet coherence
in ion-atom collisions, Phys. Rev. A 93, 032702 (2016).
[14] M. Schulz, The Role of Projectile Coherence in the Few-Body Dynamics of Simple Atomic
Systems, Adv.At. Mol. Opt. Phys. 66, 507 (2017).
[15] J. A. Sherwin, Compton scattering of Bessel light with large recoil parameter, Phys. Rev.
A 96, 062120 (2017).
[16] J. A. Sherwin, Two-photon annihilation of twisted positrons, Phys. Rev. A 98, 042108
(2018).
[17] M.V. Berry, N. L. Balazs, Nonspreading wave packets, Am. J. Phys. 47, 264 (1979).
[18] L. Allen, M.W. Beijersbergen, R. J.C. Spreeuw, et al., Orbital angular momentum of
light and the transformation of Laguerre-Gaussian laser modes, Phys. Rev. A 45, 8185
(1992).
[19] G.A. Siviloglou, D.N. Christodoulides, Accelerating finite energy Airy beams, Opt. Lett.
32, 979 (2007).
[20] G.A. Siviloglou, J. Broky, A. Dogariu and D.N. Christodoulides, Observation of Accel-
erating Airy Beams, Phys. Rev. Lett. 99, 213901 (2007).
[21] Twisted photons. Applications of light with orbital angular momentum (ed. by J. P. Torres
and L. Torner, WILEY-VCH, 2011).
[22] B. A. Knyazev, V.G. Serbo, Beams of photons with nonzero projections of orbital angular
momenta: new results, Phys.-Usp. 61, 449 (2018).
[23] M. Uchida and A. Tonomura, Generation of electron beams carrying orbital angular
momentum, Nature 464, 737 (2010);
25
[24] J. Verbeeck, H. Tian, P. Schlattschneider, Production and application of electron vortex
beams, Nature 467, 301 (2010);
[25] B. J. McMorran A. Agrawal, I.M. Anderson, et al., Electron vortex beams with high
quanta of orbital angular momentum, Science 331, 192 (2011).
[26] N. Voloch-Bloch, Y. Lereah, Y. Lilach, et al., Generation of electron Airy beams, Nature
494, 331 (2013).
[27] Ch.W. Clark, R. Barankov, M.G. Huber, M, Arif, D.G. Cory, and D.A. Pushin, Con-
trolling neutron orbital angular momentum, Nature 525, 504 (2015).
[28] E. Mafakheri, A.H. Tavabi, P.-H. Lu, et al., Realization of electron vortices with large or-
bital angular momentum using miniature holograms fabricated by electron beam lithog-
raphy, Appl. Phys. Lett. 110, 093113 (2017).
[29] K.Y. Bliokh, I.P. Ivanov, G. Guzzinati, L. Clark, R. Van Boxem, A. Be´che´d, R. Jucht-
mans, M.A. Alonso, P. Schattschneider, F. Nori, J. Verbeeck, Theory and applications
of free-electron vortex states, Phys. Rep. 690, 1 (2017).
[30] J. Verbeeck, P. Schattschneider, S. Lazar, et al., Atomic scale electron vortices for nanore-
search, Appl. Phys. Lett. 99, 203109 (2011).
[31] I. P. Ivanov, Measuring the phase of the scattering amplitude with vortex beams, Phys.
Rev. D 85, 076001 (2012).
[32] I. P. Ivanov, D. Seipt, A. Surzhykov, S. Fritzsche, Elastic scattering of vortex electrons
provides direct access to the Coulomb phase, Phys. Rev. D 94, 076001 (2016).
[33] G. B. West, D. R. Yennie, Coulomb interference in high-energy scattering, Phys. Rev.
172, 1413 (1968).
[34] G. Antchev, et al. (TOTEM Collab.), Measurement of elastic pp scattering at
√
s = 8
TeV in the Coulomb-nuclear interference region: determination of the ρ-parameter and
the total cross-section, Eur. Phys. J. C 76, 661 (2016).
[35] D. Karlovets, Relativistic vortex electrons: Paraxial versus nonparaxial regimes, Phys.
Rev. A 98, 012137 (2018).
[36] V. B. Berestetskii, E.M. Lifshitz, L. P. Pitaevskii, Quantum electrodynamics (Oxford,
Pergamon, 1982).
[37] M. E. Peskin, D.V. Schroeder, An introduction to quantum field theory (Westview Press,
1995).
[38] G.R. Shin, I. Bialynicki-Birula, J. Rafelski, Wigner function of polarized, localized rel-
ativistic spin 1/2 particles, Phys. Rev. A 46, 645 (1992).
[39] I. Bialynicki-Birula, Relativistic Wigner functions, EPJ Web of Conferences 78, 01001
(2014).
[40] D. Karlovets, A. Zhevlakov, Intrinsic multipole moments of non-Gaussian wave packets,
Phys. Rev. A 99, 022103 (2019).
[41] D. Karlovets, Dynamical enhancement of nonparaxial effects in the electromagnetic field
of a vortex electron, Phys. Rev. A 99, 043824 (2019).
26
[42] D.V. Naumov, V.A. Naumov, A diagrammatic treatment of neutrino oscillations, J.
Phys. G: Nucl. Part. Phys. 37, 105014 (2010); V.A. Naumov, D.V. Naumov, Relativistic
wave packets in the quantum field approach to the theory of neutrino oscillations, Russ.
Phys. J. 53, 549 (2010).
[43] N.N. Bogolubov, A.A. Logunov, A. I. Oksak, I. T. Todorov, General principles of quan-
tum field theory (Springer, Dordrecht 1990).
[44] C. Patrignani, K. Agashe, G. Aielli, et al. (Particle Data Group), Chinese Physics C 40,
100001 (2016).
[45] D. Karlovets, On Wigner function of a vortex electron, J. Phys. A: Math. Theor. 52,
05LT01 (2019); Corrigendum: 52, 389501 (2019).
[46] L. Adamczyk, et al. (STAR Collab.), Global Λ hyperon polarization in nuclear collisions,
Nature 548, 62 (2017).
27
